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S0.IEMIRE

Le modb1o de 1'octet do Neloman et Goll-i-ann est c6:n6ralis6 do manibre
h permettre de d~finir des courants consorv6s I L S 1= 1 1&1 ober=

exp.rinentalement. On montro quo la. solution nominale de ce probl .mo oat uric sywm-

trie orthogonale baade sur le groups 50(8), los baryons 6tant hi nouveau dans uric

repr~sontation irreductible de dimunsion huit.

Le couplago de Yukawa moson-baryon et les courants baryoniquca et

m6soniques sont 6tudide et class6o.
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INTRODUCTTION

The problem of a possible existence of high symmetries in the strong

interactions has been extensively studid the last few years. All the various approaches

can be characterized, from a imatematical point of view, in a cosron way : one asrsumes

the existence of a semi-simple Lie algcbra, g , containing, of courso, the isospin

rotations, the hypcrcharge and the baryonic nuAber gauge transformations and one cons-

tructs a composite model of strong interacting elemcntary, particles from a particular

representation of this algebra associated with tie spin barjons. Let us call G this

group realization of g. In general, the space time prcpcrties are a~su xd to be indopcn-

dent of these new internal syreiutries and the comnplete syi-'etry group turns out to be

the direct product of the inhomogeneous Lorentz group P by the syimetry group G Il .

The general problem of global synmetries has been investi3atod by

Speiser and Tarki 12] for a large class of si ple aiA semi-simple Lie algebrw *The morr

successful models, from a physical point of view are £

a) The octot model [3](j4]

b) The Sakata model [5][6]

c) The model [7J(8 .

The octet and te triplet models are the only two physically pocsible

group realizations of the same 9-parameters semi-simple Lie algebra (sea the noxt

section). Nevertheless, the properties and the predictions of these models are very

different.
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The experimental spectrum of masses in a supermultiplet is generally

explained by a breakdown of the global synuetry due to the presence in Jho La .ngin of

interaction, for instance, of a term invariant only in a weaker symmetry [91(0 i 11] .

First order cal.culations give, in the octet modelIsurprisin712y good reults. The cloctro-

magnetic interactions are introduced in an analo,,ous way and correspcnd to arother

weaker symmetry of the same typo of the precceding ones [jl[0 [11] [12] [1- ,

The inclusion of the weak interactions is a more comrlicated rroblem.

The main difficulty is the experimental evidence of boti I &S I = 1 , I = nd

It 1= currents [141 and at least for the models previously quoted, it is not

possible to associate the weak interactions with a subgroup of the group of strong intoe.

actions if one requires the existence of conserved currents [151 [161

Another way is to postulate the existence of a larger group H ouch that

the strong interaction group G is a subgroup of H and which permits to construct the

weak currents experimentally observed.

As pointed out by Pohronds and Sirli{71 a possible solution of such a

problem for the G2 model is the ortho-onal group in seven-dimensional space SO(7). A

mathematical treatment of the inclusion of G in S0.7) is givei in reference [71 and
2

also in [171

This paper is devoted to a generalization of the octet model in a way

pormitingto include the w..ak interactions. It turns out that the more simplo solution -

but not the only one of cournze - iu an eilht-fold wa based on the orthogonal Group in

an eight-dimensional space SO(S) [8].

Some years ago, GUocy [19] used this Group for weak iatoractions. The

main difference is due to a different non-equivalent place [203 of the isospin and hyper.

charge opcrators in the D4 simple Lie algebra. In both cases, one can construct a uni-

tary group SU(3) as subgroup of S0(8) but, in GUrsoy's version, the inclusion admits G2

and S0(7) as intermediate steps and, really, the (msey model appears as a goneralizatioi

of the G2 model instead of the octet model. An interesting point of Gtrsey's work is the
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introduction of space-time properties in the symmetry space; more precisely, the two

component baryon spinors of given holicity, are associated with the two spinor represen-

tations of the D4 algobra and the octot of the vector representation describes seven

pseudo-scalar and one ocalar meson. It follows that, for strong interactions, one cannot

find an octot model as a subgroup.

In the first section, the mathematical structure of the inclusion

between the algebra of the unitary group and thu algebra of the orthogonal aroup is

studied. The reduction under unitary transformation of the irreducible representations

of the orthogonal group is examined and it can be shown that the orthogonal SOt8) group

can generalize the octet model but not the triplet model. MIoreover, the adjoint repro-

sontation contains the weak currents and one can try to extend the octet model in this

way.

In the second section, one constructs explicitly the uodel and gives a

systematic classification of the weak currants with respect to the quantum numbers of

the strong interactions.
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II. MATHOIATICAL TREATMNW.

I) The octet model [3] [41 and the triplet model [6] are constructed on the same

Lie algebra A0 * A2 [ 21J but are two ditinct group realizations. In the eight-fold
way the basic group is a direct product :

sU(3)u(i) ® -

Z3

su(3)
whore Z is the center of SU(3) [22] and it is well-known that the factor group -- --

can be entirely generated by the tensorial powers of the oight-dimensional

adjoint representation only. Generally, two non-negative numbers, A I and ).2
oharactorize the representations of SU(3) and the only possible representations of

S3 are restricted by the cordition
7-3

I +2; N2 3)

20) We are now interested in the 8-dimensional adjc it representation of the A. Lie
algebra. It is well-known that, in associated voctoi pace, one can find a bilinear

symmotricform C, conserved under the transformations contained in A2 [231 . In an

equivalent way, one can define a 8 x 8 symetric matrix C such that :

C 1 T

where thel nre mthe adjoint representation of the infinitesimal generators of A 2.
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If now we use the notations as indicated in Fig. 1. for tho basis of the

adjoint representation [III

S-1> _,_)+2)

23 13

1+3> 0 ICY C). -3>

/
~~17

~I : Root and Woight Diagram for the adjoint representation.

%ae vectors 3> where 3 at- 1, - 2, - 3 are orthonormalized and associated with

the non-sero roots of A2 . Because of the degenerescenco of the root zero, there oxists

one dogree of freedom in the definition of the corresponding eigenvoctors and we use

> andi I a) as two arbitrary orthonormalised weights.

In this basis, the matrix C has the simple form

C = -2,-

and satisfies evidently :

C -C CC .I
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30) The linear transformations leaving the bilinear form C of the previous section

invariant can be generally represented by the sot of all 8 x 8 orthogonal matrices

which satisfy

10TCo= C 

The orthogonal 0(8) and special orthogonal S0(8) groups are naturally introduced in

this way and we are now interested by the properties of the simple Lie algebra D4 of

those orthogonal groups.

The 8-dimonsional space is the vector representation space of the D4

algebra and it is convenient, as usual, to defino the following basis for the 8 x 8

matrices [24] l

A simple non normalizod form of the vector representation of the D4 algebra is

then given, as for orthogonal groups, by

Zd/3 -o

The unimodular unitary transformations associated with A2 appoar, in this way, as a

particular subset of tho orthogonal transformations of D4 , We then havo the inclusion

rolation for the Lie algebra t

ElliD
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and our aim is now to give thco prociso poz.Ltion of A2 in D4by wr-.tinx,, th o irnfi ni-
tosimal genurators of A, as linear combinatio~ns of thosu of D .* ~Ix fworTi thio tIC

2 4.
explicit 8-dimonziona1 r~procntation of tho Lie algabrao on tho basis pro-vously
introduced. The rosult is givon in Tablo I:

F6 E -z + -2Z3r

12 - 21 +y

- F2 Z-r

V6 E 23  Z32 ~ [Z 1  +~ F' 13Is

V6 P32  =z 2 -3  +-. [z I .r V3 z1 Ij

31 1 - I -z 20 *

F6 1 -- 1+ EZNr - 3 Z2 jj

V 1H '2-2 -Z3-

V6 H =Z-. - Z12 33 1-1

V 6 H3  Z1- - Z-

The stato voctors I r an le> correspond to a particular dofinition of and 15
on tho basmis of a physical choico oxplained in the next section.

One can immediately vorify on the previous expressions thait the cot at
oight linearly independent genorators Eiji Hk, gneratce a nub-algebra of D4of typo
A? by using the cotmuutation. ra.ls of tiio D 4 algebra deducod for instaince, from tho

itrix reprsntation of the Zor/
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40) The irreducible reprosuntations of the D4 algebra are defined by four non-negative

integers p I' PI 2P V3' . 4 from the four fundamntal representations E25] which ca.,

be clnssified in the following way

(
a) D(1,0,O,O) 8-dimoniona! opinor representation 8 op

b) D(0,1,0,O) 8-dmensional spinor rcprosontation 8 sp'

c) D(O,O,1,0) 8-dimonsional vector representation 8 v

d) D(O,O,O,I) 28-dimonsional adjoint rproesntation 28R

The throe 8-dimensional representations are inequivalent, of course, if one consO.dors

all orthogonal transformations. If now, we rcsbrict ourselves to the trasforLations

contained in the A2 sub-algebra, they are irreducible and equivalent. At the sao time,

the adjoint representation is reducible according to

28R .. 8i1o .

a t 'Such a result can easily be obtained by looking the projection of the four-dimcnsional

weight dipgrams of D4 on a convenint plane. The study of the characters gives an

algebraic method of demonstration - see appendix.

Lot us call as DZ thp universal covering group of the Lie algebra D4.

The center of D possesses a very simple structure as shown in Table 2.:

4! 8 8pflp 8 v 2

R 1 I I

R - -1 1

-1 1 -1 1

-1 -1 1 1

Table 2. : Center of and the fundamental representations.
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Ono immediately verifies that this contr is isomorphic to a direct product Z2 ® Z2 12C]

and the connected groupeaSsociated to the D4 algebra can be easily classified in the

following way :

a) D* whore IL 2 3 4 are independent;

b) A 4 4 one can realize throe isomorphic groups of this typo by
Z2

considering the tonsorial powrs of one of the 8-dimonsional represontations

U) A.s from 8sp with L2 + IP3 W 0 (2)

3) p, from 8ep, with [t1 + 0 (2)

4) A v SO(8) from8 v with h' 1+1 2 --0 (2)

o)---- generated by tho tonsorial powers of tho adjoint ropreson-

tation and characterized by J1 , jIL 2 ' L 3  of the somo parity e.g. the reprosontations

ontoring in all 4 groups.

We are now in a position to give the possible inclusion of the connected

groups of the Lie algebra A2 with respoct to the connected groups of the Lie algebra D.,

in our schoem and the main results are the followinj :

a) SUM is a subaroup of 6 4

b) SU() cannot be a subgroup in any case.

It follows that our approach cannot genornlizo any syimotry group ronst-met f tm

sU() or fron U(3) as the Sakata model.
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III. EGITT-FOLD WAY.

10) Lot us go back to physics. In such a schome, it is natural to associate the c

with the weightsof tho vector reprosntation in thu usual way

S-- 2).= :jp> 13>: 1 ->

I-> : In> n-2> =1--> I-3>= I .<,>

Ir >= C> )s>= I A'>

Tho isospin opurators are thin given by

T + Z2 + -2Z

I- =Z._ - , 7,,

= + z,_2 ) .. 7.

and the hypccxhargo aid charge opurator ly

Y = Z2-2 - '1-1

Q= Z2-2 " Z3-3
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20) Tho product of representations in D4 can be writton as [27] :

8 *8 = 1 2803 5k
C< cX i

If one uses a coupling of the Yiklawa typo between baryons and mesons, the more simple

place for tho Lvuoonu is the adjoint rjprosontation. One predicts two 28-dimensional

multiplots with J = 0 and J = I [ 28-

We now consider the baky3on-moson rosonancos. From the product of repro-

sontations in D4

8 e28 = 8 Q56 CNI6o

we havo ossontially the possibility of 8-dimonsional and 56-dinensional multiplots.

The J = j+ octet can be repeated into a J = 5+ octet. Because of the isospin 3 of

first if-nucleon rusormnco, one predicts a 56-dimonsional J = multiplot and perhaps

another 56-dimonsional J = - [29]

30) With baryons and antibaryons in the 8v representation and the mesons in the 2 8 R

roprosontation, the meson baryon coupling can bo written as :

From the point of viuw of strong interactions, it is convuniont to classify the weight.-

fr of the adjoint reprosontntion accordin to

a) the values of isospin and hyporchareo

b) the irreducible represontatiomsin the reduction by A2 .

The various calculations aro, of course, identical to those of the decomposition of

the antisymmotric part of the product of two adjoint representations of A2 . The rosulti

are given in Tables 4, 5 and 6.
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Y I 13 D8(1,1) roprosunttion of A2

1 1 M 3-1 + _L ( r _ M2 8)]

1 2 1 1 K2
I

2 1 1.______ . 1___ 1 i-lr + _ -a_0

0 1 -1  + ?'2 -2 M3-31
0 6L

-1 1[rF-2 " 3rj

0 0 1 [141-1 -M22j__

- 1 [ 2-3 1_ (M-r - 18 o)

-2 T3, V2
2 1! 1 [~M13  - (m- 2r~~3 2

2 T3

TnloC
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Y I 3 D10 (3,0) representation of A2

3_ ,#-3
123

2

1- g~-3-1V ?r1
2 Vl

2

2

1 1 - ,Y2 c
3 V2

1 g 1 -2 + I4 . (M3.,' J- ?,
2- 1 I-- 13

2 1 1 1 13 - 1 (ir 2r +
2 f3- V

-2 0 0 e2

Tabl 5..
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Y 1 13 D10 (0,3) representation of A2

2 0 0 if-,2

-3 -1- 1 + I "r + f3 Ms)]
2 F3

2 131

1 1- 21 - . _(, .  -- V i-35)

FA3 H2  1 r

0 1 0 1 11 1l +1 I 2 + i 3  F3 es]
-r6

I [wI- 2 + (M3 r+V Hi5S)'

3 MI-3
2

I I W2-3 - V2 M'r

-2 Y

2 1 M1 3 +v V r

2 Y'-3 .

3 143-2

2

T&ble 6.
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40) In our scheme, the "conserved" currents belong to the 28-dimensional adjoint

representations. For instance, the baryonic part of the vector currents can be

written as

Pcr the mesoric part, one usc3 the adjoint representation of the D4 algebra -

e.g. the structure constants- follcwin3

i N k> C [k 121[m n]pq,- Mim n 11)

It is useful, for practical applications, to classify the various currents in the

same way as the weights of the adjoint representation. The results are obtained from

Tables 4, 5 and 6, by the simple substitution I t Jk "

5o) If now we assume the existence of terms of the structure current x current,

responsible of the non-leptonic interactions, the weak lagrangian has a variance,

under D4, given by the product of representations :

D28(0001 )O D28 (0001) = DI (oooo), D28(0001 )4 D,5(2000) D35(0200)eD35(0020)
$ D300 (0002) 0 050(j, o)

The more natural assumption seems to associate the weak lagrangian with the 28 place.

It follows then the two interesting properties :

a) As required by K , -t3 ecay experiments [14] one obtains both IAsI.iItI
3and 2 terms in the lagrangian,

b) the I4SI = 2 currents are associated with I All = 0 and not exc by eperi-

menta,whereas the IASI = 2,1I1 = 1 transitione are forbidden at first by the
K0oK 0 mass difference result.
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CONCLUSIONS

In this first paper, we have studied,from a mathematical point of view,

a possible generalization of the octet model which permits to include the weak inter-

actions in a natural way. The orthogonal 30(8) symuetry is not, of course, the unique

solution of such a problem but it is the more economical one satisfying the two

minimal requirements :

a) SUM is a subgroup,

3b) both JASI = 1, Ij i = + and 2 currents appear in the adjointrepresentations.

It is clear, froul the result of Section II, that A4sp 4sp'

and L4v are three isomorphic but non equivalent solutions. The equivalence however

holds for the strong interactions. ore precisely, the 8-diuencional roprsortations

of the infinitesimal generators are not equivalent for the total D4 algebra but only

for the A2 sub-algebra. For instance, the coupling between mesons and baryons is

identical in the throe cases for the J = 07 psoudoscalar mesons associated with the

!I part of the reduction of the 28R adjoint representation of D4 by the A2 subalgobra

(Table 4). It follows equally that the weak currents associatod with Table 4. arc t1

same in the throe situations whereas a differunco must appear for the II= curren

The possibility to include the leptons and the vector bosons has not boon

considered in this paper. It seems that such a tentative is very difficult and actual!

at the present time, unsuccessful in any model. Nevertheless, it is a necossary problc,.

to solve in a general scheme in order to know the variance of the complete weak

lagrangian with respect to the group operations - if such a group exists, of course.

An other way to gonvralizo the strong interactions unitary models is to

find a largo group G where the pruvioui condition a) Is replaced by the more general

one : at) SU(3) is a subgroup of C.
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In mathematical terms, the unitary rotations associated with the center

Z3 of SU(3) must be reprosonted in a non-trivial way in G. The simple Lie group of

lower rank solution of such a problem is tho unimodular unitary group SU(6). The

35-dimonsional adjoint represntation of A5 reduces, under tho A 2 subalgobra, into

8 0 27. It follows that condition b) is satisfied but ut the sime time one obtains

)6 S1 = 2,1 AI' = 1 weak currents and this feature is certainly unfavourabloo

We a .knowledge the help of Professor Michel and of Dr. Lascoux for

illuminating discussions on the group theoretical aspect of this problem.

-.- - -:. -
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AWPENDIX

Characters for SU(3) and SO(8).

The characters for an irreducible represontation can be calculated from the know-

ledge of the weights m of multiplicity ( me The formula given by Wcyl, is the follo-

wing [25']

74(4') = ~ cxpi(A~

where the scalar product, in the exponential, is performed in the weight space.

10) Characters for SU(3). In order to preserve the symmetry of the algebra, exhibited

on the root diagram (see Fig. 1.), it is convenient to uao triangular coordinates of

sum zoro, in the 2-dimensional weight space [25] [11] . We then obtain, for the fuan-

damontal representation :

LX 3_(=T)Y_ _ (Pr 4)3 )+Oxp (P2- P)+xp 3'i1

After a change of variables

(P 2- q = (P~ 3Pq =42 qY3 - -P
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one can use also for the vector triangular coordinates

S+ 2 + 0

and the character formula becomes

3O_) = exp 5 (C2-(3)+ exp 4 Ox+ 51 ( 1-42)

One easily deduces for the 8, 10, I7 and 27 representations of SUN3 , the folloWng

expressions :

2~c~ = 21 + Cos 1 + Cos 2 + Cos4~ I
=1 + 2 [Coo 4'1+cos 4 2+Co 4 3 ]+ "xP (4 2- 3)+axp '(' 3- 1)+e:'p ~1~
I + os +o

= 1 + cs ~a2 i" s431 + ezp i( 3- 2)+Ozp 0( - ,)+oxp '4 r2- ':l

X27 ( =3 + 2 ECos2,+cos2 4 2+oa2431+ 2[Coo + Co] + [o a43 ] +

+ 4 [Cose 1 Coo4 2 + Coo 2 Coo 4 3 + C0043 Co's ]

20) Characters for P. All weights of the fundamental representations are simple
4.

and deducible from the highest weight by the operations of the Voyl group. The weight

space is four-dimensional, -with basis ,j J= 1, 2, 3t 4. We iinodiatoly Imow the



charactoc for the funoImantal. rLprjrnn&gtons

a) 8 sp iz wi:t2 (e~ 1 2  3o 04)ap 2

4

+ CC,-'

b) I, +i~~~ 0 ++3-)

2. 4.34

+~~ Cos --- 2

=x 2 [ Con 4), + Cos h2 + C +.-~± Cc;~ 12 3'4

d) 29~R I4*6hlc!:t W-A't Cl 1 02

= ~ +Cos 1Coo4~2~ 4~2 o~ ~+30c ,3 Coa 1+Ccsz (on v' 2 o
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For cc', t'n/. i, wo als g.r) the chrraotor3 for t%(, "3 v. m 6 ropr -
V v

X~ 4~ =3 + 4 - elc cf 6 + 2' C: 2.3 5 v c c < C, J

i {j

(I>) 6 CZ! -C ,!5 + ZCoo(~' 4

whore (i j k 1) 13 a pern.-tation (1.2,3,4).

30) .'f'r-n. The inclusion A2 C D one conside:ro, is realized by the projection

of the four-dimenoionial weight diy~rama on the two-dimensional plane defined by:

40

t1 4', + = 0

The first equation acsuros the oquivalonco of tha two cpinor roprosentatiorband,

consequently, of all N ad Nsp , roproeontations. Fiom the second equation, one

deduces the equivalence between the three 8-dimonsional representations of D* and

their irreductibility. The following rcoults are then straightforward :

8 s4=8 8p, 8 8 v =!;- 8
sp

28R =8 10 o T

35 = 8 0 27

56 1 D08 l s o T @3 a27
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